Inverse problem for si (2) lattices 
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Abstract 



We consider the inverse problem for periodic si (2) lattices as a canonical transformation 
from the separation to local variables. A new concept of a factorized separation chain is 
introduced allowing to solve the inverse problem explicitly. The method is applied to an 
arbitrary representation of the corresponding Sklyanin algebra. 
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1 Introduction 



Let us denote a separating transform from the local variables (q, p) to the separation 
variables (u, v) as iS„, 

Sn- (q,p)^(u,v), (1.1) 
and the inverse separating map as S~^, 

5-^: (u,v)^(q,p). (1.2) 

In 0, and Sklyanin worked out the r-matrix technique for the method of separa- 
tion of variables. It was based on the 1976 separation of the (classical) periodic Toda lat- 
tice by van Moerbeke and Flaschka-McLaughlin and also on early 80's Gutzwiller's 
solution to the quantum periodic Toda lattice and Komarov's ideas on the relation 
between the quantum separation of variables and the quantum inverse scattering method. 
In those three papers, Sklyanin studied separating maps 5„ for the Goryachev-Chaplygin 
top, periodic Toda lattice and Heisenberg magnet, respectively. He also studied the cor- 
responding quantum separations iS„. 

Further development of the separation method included: (i) the 3-particle elliptic 
Calogero-Moser system and its trigonometric and q- versions [^, |1^, |ll| for which both 
maps, and ^3^^, were explicitly constructed, and (ii) recent construction of the direct 
map 1S4 in the case of the 4-particle Calogero-Moser system |12| . 

In his Nankai Lectures Sklyanin announced a new method (Lecture 4) that allowed 
to reduce the n- variable spectral problem for the kernel of the inverse separating map 
to (smaller) p- and {n — p)-variable spectral problems. 

Recently, Kharchev and Lebedev used this method to describe the quantum sep- 
arating map for the Toda lattice. 

In the present paper we show that, in the classical case, Sklyanin's approach is equiv- 
alent to explicit solution of the inverse problem for sl(2) integrable lattices. We introduce 
a new concept of the (inverse) factorized separation chain: 

=Bi0...0Bn-l0Bn. (1.3) 

Each of the factors Bm is constructed as a map between the separation variables of the 
m-particle lattice and those of the (m — l)-particle lattice, plus a pair of initial (local) 
variables {qm,Pm)- By definition, the map Bm is the same as the map Bn with n replaced 
by m, so that it acts only on m degrees of freedom. This means that the whole chain 
( |1.3| ) is generated by a recursive application of a single map Bn- 

Such factorization of the inverse separating map is explicitly performed for an arbitrary 
representation of the quadratic Sklyanin algebra in the considered case of the 2x2 Lax 
matrix. It represents an interesting algebraic structure of the intertwiner between the 
separation and lattice representations of the quadratic algebra. It also reveals a hidden 
algebraic structure of the inverse problem for integrable lattices. 

In fact, the factorization ( |1.3| ) is a direct consequence of the multiplicative structure of 
the Lax (monodromy) matrix. Using this structure of the Lax matrix, we show that the 
corresponding transformation (i) exists, (ii) is unique and (iii) is a rational canonical 
map with a simple generating function. We derive such factorization first for the generic 
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case of the inhomogeneous Heisenberg magnet. The formulae for two degenerate cases, 
the periodic DST and Toda lattices, are also given. 

The structure of the paper is following. In Section 2 we define our basic model. 
Sections 3 and 4 give the separation and lattice representations of the quadratic algebra, 
respectively. Section 5 describes the recursive procedure for solving the inverse problem. 
In Section 6 we find the generating function of the factorized separation map Bn- In 
Sections 7 and 8 we apply our results to the DST and periodic Toda lattice. There are 
three Appendices with explicit formulae for the inverse separating maps in the case of 3 
spins/particles. 



2 Quadratic r-matrix algebra and the model 



We study a class of finite- dimensional Liouville integrable systems described by the rep- 
resentations of the quadratic r-matrix Poisson algebra, or the Sklyanin algebra: 



12 12 12 

{L {u),L (v)} = r{u - v) L {u) L {v) - L {u) L (v) r{u - v). 



(2.1) 



We consider the simplest case of the 4x4 rational r-matrix r{u) and 2x2 L-operator 
L{u): 

/I ON^ 

(A{u) B{u) 
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In the standard notations for tensor products are used: 



\C{u) D{u)J' 



(2.2) 



L (u) 



L{u) ® 
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1 



Liv) 
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(2.3) 



In the left-hand side of ( ^.Ij ) one has a 4 x 4 matrix with the Poisson brackets as its 
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entries: {{L {u),L {v)})ij^ki = {iL{u))ij, {L{v))ki}- In the right-hand side of ( |2.1| ) there 
are (4 x 4) matrix products. 

Sklyanin's bracket ( |2.1| ) amounts to having the following Poisson brackets between the 
elements A{u), B{u), C{u) and D{u) of the L-operator L{u): 



{A{u),A{v)} = {B{u),B{v)} = {C{u),C{v)} = {D{u),D{v)} = 0, 



{B{u),A{v)} 
{C{u),A{v)} 
{B{u),D{v)} 
{C{u),D{v)} 
{A{u),D{v)} 
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u — V 



{B{u)A{v) - B{v)A{u)) , 
{A{u)C{v) - A{v)C{u)) , 
{D{u)B{v) - D{v)B{u)) 
{C{u)D{v)-C{v)D{u)). 
{C{u)B{v)-C{v)B{u))., 



(2.4) 
(2.5) 
(2.6) 
(2.7) 
(2.8) 
(2.9) 
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{B{u), C{v)} = — ^ {D{u)A{v) - D{v)A{u)) . (2.10) 
u — V 

We choose the entries of our L-operator Lniu) to be polynomials of degree n: 

^-(") - (cj:| Si:]) '-^) 

7m" + C„,i«"~' + . . . + C„,„ 5^'^ + D„,iu"-i + . . . + D„,„ 

Notice that the leading coefficients, a, /3, 7, (5, are Casimirs of the bracket (|2.1|). By 
another property of the bracket, there are 2n further Casimirs Qk, k = 1, . . . , 2n, which 
are coefficients of the det Lniu): 

det Ln{u) = {a5 - f^j^ + Qiu^""' + ... + Qan- (2.12) 

Therefore, we have a 4n-dimensional space of the coefficients An^i, Bn^i,Cn,i, Dn^i of the 
matrix Ln{u) with 2n Casimir operators, leaving us with n degrees of freedom. Indepen- 
dent, Poisson involutive integrals of motion Hi, i = 1, . . . ,n, are given by the coefficients 
of the tr L„(ti): 

ti Lniu) = (a + S)u'' + Hiu''-^ + ... + Hn, {Hi,Hj} = 0. (2.13) 

These define a Liouville integrable system which is our generic model for the whole paper. 
The two first Hamiltonians of the system are 

Hi = An,l + Dn,U H2 = An,2 + Dn,2- (2.14) 



3 Separation representation 



Our first aim is to construct a separation representation for the quadratic algebra ( p.4| ) 



(|2.11|) . In this special representation one has n canonical pairs of variables, Ui, Vi, i 



1, . . . , n, having the standard Poisson brackets, 

{ui,Uj} = {vi,Vj} = 0, {vi,Uj} = 6ij, (3.1) 

with the w- variables being n zeros of the polynomial Bniu) and the e'^''- variables being 
values of the polynomial Aniu) at those zeros, 

Bniui)=0, e'^^^ = AM, z = l,...,n, (3.2) 

so that the pairs (e*^^*, Wj), i = 1, . . . ,n, belong to the spectral curve C„ of the L-operator 
Lniu): 

Cn = {(e''^ u)eC^\ det(L„(ii) - e*^") = 0}, det(L„(ii,) - e'^''^ = 0- (3.3) 
Let us parameterize the determinant of the L-operator as follows: 

n 

det Lniu) = iaS - (3^) J] {iu - Cif + K^sf) . (3.4) 

i=l 
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The interpolation data ( |3.2|) plus n+1 identities, An{ui)Dn{ui) = det Lniui) and det Lniu) 
= An{u)Dn{u) — Bn{u)Cn{u), allow US to coustruct the needed separation representation 
for the whole algebra: 

Bn{u) = (3{U- Ui){u- U2)- ■ -{U- Un), (3.5) 

n(\ ^ . . J^detL>^e-™^\ 

^ . ^ An{u)Dn{u) - det Lnju) 

^'^^"^ = ■ ^ ^ ^ 

One can easily check that the brackets ( p.4|) -( ^rT0D imply the brackets (|3.1| ) and vice 
versa. 



4 Lattice representation 

Another important representation of the quadratic algebra with the generators A„ j, 
Cn,i and Dn^i comes as a consequence of the co-multiplication property of the algebra 
( |2.1| ). Essentially, it means that the L-operator ( ^.11| ) can be factorized into a product 
of elementary matrices, each containing only one degree of freedom. In this picture, our 
main model turns out to be an ri-site Heisenberg magnet, which is an integrable lattice 
of n sl(2) spins with nearest neighbour interaction. 

In this lattice representation the L-operator (|2.11| ) acquires the following form: 

,7 

( _■ (3) _• (-) \ 

m--=r ''^'^s) , ^ = l,...,n. (4.2) 

\ —IKS' U + \KS\ ) 

The local variables Sj, i = 1, . . . , n, are generators of n copies of the sl(2) Poisson algebra: 

= TisW, {s(-), sW} = 2is(3). (4.3) 
The (non-local) Hamiltonians }i\ and H2 ( |2.14|) are as follows: 

n 



Ln[u) = in{u - Cn) in-A^ - Cn-\) ■ ■ ■ ^\{U - Ci) V (4.1) 



ifi = -i«:^((a-5)sf) + ^,(+) + ^,(-))_(« + 5)^c„ (4.4) 
H2 = -^'T.[^{s?^sf + st^s^^^)+p{si^^sf-s?hl'-'') (4.5) 
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We use the following 'holomorphic' representation for the local spins Sj, and corre- 
spondingly for the local L-operators ii{u), in terms of n pairs of canonical variables q and 



5 



Here, the variables Si are the spin values: = (s^^) + s\~^^s\ ^ = sf, i = 1, . . . ,n. One 



h(u) = . / 9 \ • /• N , z = 1, . . . , n, 4.6 

V -in [qtPi + 2iSigi) w - IK [iQiPi - Si) J 

{Qi^ Qj} = {Pi^Pj} = 0> {Pi^ Qj} = ^ij- (4-7) 

can easily check that the brackets ( p.4|) -( pnoD imply the brackets (|4.71 ) and vice versa. 

Our aim is to describe in explicit terms the transformation between the two repre- 
sentations outlined in this and in the previous Section, notably in the direction from the 
variables u and v to the local spins Si, . . . , s„ or to the variables q and p. In other words, 
we present below a constructive solution to the inverse problem which provides the for- 
mulae for the local variables in terms of separation variables for a large class of integrable 
lattices. 



5 Inverse problem 

The formulae (p.2|) are the defining equations for the symplectic separating map Sn from 
the initial (local) variables to the separation variables. A natural question arises whether 
this map can be inverted in a sensible way. The answer is affirmative. 

The map Sn and its inverse are rather complicated canonical transforms, meaning that 
it is difficult to write down their corresponding generating functions or to quantize these 



maps starting directly from the defining equations (|3.2| ). Our prime motivation therefore 
is to solve the inverse problem explicitly in such a way that consequent quantization is 
straightforward. 

In order to construct our solution to the inverse problem we shall introduce a new 
concept of a factorized separation chain. It means that the inverse separating transform 
will be factorized into a composition (a chain) of elementary canonical transforms|5 
The meaning of the factors can be understood from considering the first map in the chain, 
Bn, which, in a sense, represents a transformation between the model with n degrees of 
freedom and the model with n — 1 degrees of freedom. Consequent iteration of the found 
map will then result in the needed inverse separating transform S~^: 

S-' = Bio...oBn-ioBn. (5.1) 

Let us construct a canonical transformation that factorizes out the nth local L-operator 
in{u — Cn) from the n-spin L-operator Ln{u) (cf. ([4.1|) ). This is the transformation Bn- 
That is to say that we have the following matrix equation: 

Ln{u) = (^-Cn + i^iiqnPn-s) -\KPn \ (52) 

V (g„Pn + 2lS„gn) U- Cn-\K {iqnPn - Sn) J 

X Ln-liu), 

where the rz-spin matrix on the left is given in terms of separation variables Ui, Vi, i = 
1, . . . , n, by interpolation formulae ( p.5|) -( pl8D and the (n — l)-spin matrix on the right is 

^an analogous factorization chain exists for the direct separating map iS„ but this is beyond the scope 
of this paper 
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given by similar formulae in terms of its own separation variables^ Uj, Vj, j = 1, . . . ,n — l: 

Bn^l{u) = l3{u-Ui){u-U2)---{u-Un-l), (5.3) 

n— 1 pi^^j 

An-i{u) = Bn^,{u)\^ + y2- — -^-_), (5.4) 




^ / N _ ^n-i(«)-D„_i(M) - detL„„i(M) 

Bn-l{u) 

Transformation Bn maps separation variables Ui, Vi, i = 1, . . . , n, into new separation 
variables Uj, vj, j = 1, . . . ,n — 1, which parameterize the matrix L„_i(m), and into a pair 
of local variables, and p„. It is a single-valued rational map. Indeed, rewrite the matrix 
equation (^.2|) in the equivalent form, 

L^-,{u) = C(- - Cn)LM, (5.T) 

where ^^(if — c„) stands for the adjoint matrix. Equating to zero the residues of the right- 
hand side at two zeros ± iKSn of the det in{u — c„) and solving the resulting equations 
in Qn and Pn, we obtain 

Qn = -1 : r , (5.8) 

Bn{Cn + inSn)Dn{ )D 



This gives the answer for the nth pair of local variables. Now, the formula (|5.7| ) uniquely 
defines the matrix L„_i(m) in terms of the separation variables u and v. The procedure 
can be recursively repeated, leading to reconstruction of all local variables q and p. For 
instance, explicit formulae for the inverse separating map S^^ for the homogeneous chain 
of three 0-spins, i.e. when all parameters vanish, = = 0, are given in the Appendix 
A. The corresponding formulae for the case of non-zero parameters Sj and Cj are too long. 



6 Generating function 

In the previous Section we introduced the factorized separation chain = Bi o ■ ■ ■ o 
Bn-i o Bn that maps the canonical variables in the following order: 

'Sn^ ■ (u,v) h (ii,v|g„,p„) (u, v|g„„i,p„_i; g„,p„) ■ ■ ■ k4 (q,p). (6.1) 

In this inverse separating chain, the initial variables (u, v) are the separation variables 
for the starting n-spin integrable system and the terminal variables (q, p) are the local 
variables. The intermediate variables (u,v) have the meaning of being the separation 
variables for the {n — l)-spin system, the variables (u, v) being those for the {n — 2)-spin 

^N.B.: n — 1 canonical pairs/degrees of freedom 
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system, and so on. Notice that every next transformation in the chain acts only on the 
new separation pairs from the outcome of a previous transform, without touching the pairs 
{qi,Pi) of local variables that have already been factorized out, so that the transform Bm 
acts on less and less variables (degrees of freedom) as its index m decreases. 

In this Section we show that the factors Bm, rn = 1, . . . , n, of the composition ( |6.1[ ) 
are very simple canonical transforms and we describe them in completely explicit terms 
by presenting their generating functions. The complexity of the compound transform 
is therefore being explained as a composition of these elementary transforms. Such fac- 
torization of a complex separating transform must be a universal feature of all separating 
maps and it must provide a unified approach to their description. The application of this 
approach is not limited by the model chosen in this paper. 

Let us start from the first map i3„ and let us fix the 2n variables of its generating 
function F„ to be the coordinates u and, respectively, u and g„, so that one has the 
following 2n equations defining the map i3„, 

Bn- Vi = ^^"(^^^"1^) ^ i = l,...,n, (6.2) 

V, ^ - '"'"'"g;-'"' ■ J = l....,n-1, (6.3) 

p^^_ aF„(u.,„|u) 

oqn 

We will first find these equations and then find the function F„(u, g„|u). 
Equation for the polynomial Bn{u) from the equality ( |5.2| ) reads 

Bn{u) = {U- Cn - IK.Sn - KQuPn) Bn-l{u) - lKPnDn-l{u). (6.5) 

Substituting u = Uj, one obtains 

BniUj) = -iKPnDn-l{Uj) , j = 1, . . . , n - 1. (6.6) 

Equation for the polynomial Bn-i{u) from the equality ( |5.7| ) reads 

det {in{u - Cn)) Bn-liu) = {u - Cn + IKSn + tiqnPn)Bn{u) + i/t^^D^ (it) . (6.7) 

Substituting u = Ui, one obtains 

det {in{ui - Cn)) Bn-i{ui) = inpnDniui) , i = l,...,n. (6.8) 

Equating the leading coefficients in u in ( |6.5[ ) and unwrapping the formulae ( |6.6D and 
one finally obtains 2n needed equations for the map Bn in the following form: 

Pn = ' , (6.9) 



lKPn{a5 - P'y) " ^ {Ui - Cm)"^ + 



IT ' --^J— z = l,...,n, (6.10) 



/5 m=i ^» - 

-iKPn{a5 - (3-l) {Uj - Cm)'^ + K^S 



gK., ^ "rr"" : n ' , J = 1, . . . ,n - 1. (6.11) 



P{Uj - Un) Uj - Ur, 
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These equations can be easily integrated, resulting in explicit formula for the generating 
function -F„(u, qn\u) of the map 



n n—1 



F„(u,g„|u) = -^^n(wj-Mi) (6.12) 



i=ij=i 



'n-l 



.j=l i=l 



K 

'n-1 



1 /'f.^ A , - 111) 

1 ivrn 

H (C„ + inSn) log {f3qn + iS) V Mi 

n n—1 

+ — ^2 X/ ~ "^i i'^'^j) + ("Ui — Cj — iKSj)) 

i=i i=i 

n—1 n—1 

X/ X/ ~ '^i' i'^'^i') + ^ {"^j ~ — i/i;Sj')) . 

i=ii'=i 

Here, the function Q{u) is the anti-derivative of log(M): 

Q(u) = r logK) du' = u ilogiu) - 1) + C, = log(M). (6.13) 

J du 

In order to obtain the corresponding formulae for the maps Em-, m = 1, . . . ,n — 1, 
one must replace n by m in the formulae ( p.9|) , (|6.10|) , (|6.11 ) and ( p. 12 ). It was already 
mentioned that a reduction in the number of variables happens along with decreasing of 
map's index. 

The formulae in this Section completely describe the inverse separating map S^^ as a 
canonical map, through the explicit representation for its factors. In the next two Sections 
we consider two degenerate cases of the Heisenberg magnet: the integrable DST model 
and the periodic Toda lattice. The main reason for inserting these Sections is to exemplify 
the new concept of the factorized separation chain that has been introduced above. For 
these two degenerate cases we give definitions of the models, equations and generating 
functions for the basic map Bn and, finally, analogues of the rational map S^^ in the 
3-particle case. 



7 Integrable DST model 

The integrable case of the DST (discrete self-trapping) model with n degrees of freedom 



was introduced in [jT4| and studied in [T^. It appears as a specialization of our basic 
model when several parameters vanish: 

P = ^ = S = and Qj = 0, j = l,...,n-l. (7.1) 

We also put a = 1, leading to the L-operator 

r ( ^ _ /^/" + An,lM"-' + ... + An,n S^^iti'^-l + . . . + S„,,„ \ 

^ I Cn.lU''-' + . . . + Cn,n D„ o«"-2 + . . . + Dn.n y • ^ ' 
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Notice that Dn^i = Qi = 0. Set Q„ = 6" and parameterize det Ln{u) as follows: 

det Ln{u) = 6"(-u - ci){u - C2) ■ ■ ■ {u - c„). (7.3) 

Let us also choose k, = —1. By definition, the L-operator ( [7. 21 ) obeys the quadratic 
relations of the Poisson algebra (|2.4| )- (|2?T0| ). 

Separation variables {e~'"*,Ui) are introduced as before: 

Bn{ui) = 0, e-"^ = Aniui), i = l,...,n-l, (7.4) 

the only difference now is that this gives only n — 1 instead of n separation pairs. The 
missing pair of canonical variables is defined as follows: 

An 1 

Vn := Bn,l, Un := . (7.5) 

-Dn,l 



We remind that the n pairs introduced by ( [7.4|) and (|7.5| ) are canonical variables, i.e. 

{ui,Uj} = {vi,Vj} = 0, {vi,Uj} = Sij, i,j = l,...,n. (7.6) 
The separation representation of the algebra in this special case has the form 

Bn{u) = Vn{u-Ui){u-U2)- ■■{U-Un^l), (7.7) 

An{u) = EM + + (7.8) 

V ^ - Ui)B.^[Ui) j 

Dn{u) = BMJ:-^^^^^,, (7.9) 
Cn{u) = — — . 7.10 

Bn{u) 

In the lattice representation, the L-operator (|7.2|) acquires the form 

Ln{u) = iniu - Cn) L-l{u - C„_i) . . . li{u - Ci), (7.11) 

with the local L-operators 

«,(.):=(":*"• "*), . = l,...,n. (7.12) 

The local variables {qi,Pi) are canonical, 

{<li,<lj} = {Pi:Pj} = 0, {Pi,qj} = Sij, i,j = l,...,n. (7.13) 
The Hamiltonians Hi and H2 from the tr Ln{u) = + Hiu^~^ + . . . + Hn are 

n 

Hi = -J2i1iPi + (^^)^ (7.14) 

i=l 

n 

H2 = Y^i^iPi + Ci){qjPj + Cj) - bY^Qi+iPi, {Qn+i = qi)- 

i>j 1=1 
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The (inverse) factorized separation chain iS„ ^ = i3i o • • • o Bn-i o B„ is produced by a 
recursive apphcation of the map Bn, which is defined by the following equations: 

En— 2 _ ^-\n— 1 ^-\n— 1 ^-\n— 2 

— <Jn~l — u -u '-< ' Pn — ^ > \'-^'^) 

"■Ti tin— 1 yn ^ ' 

^ _ 6"g„(^,-c„-i) ^f^^^ i = (7.16) 
^ ^j^^^_c^^ j = l,...,n-2. (7.17) 

m=l 

These equations define a canonical map with the generating function 

n-ln-2 /n-1 n-2 \ 

F„(u, g„|u) = ^ 5^ n (Mi - s,-) + ^ E - E (7-18) 

i=i i=i \i=i j=i J 

'n-\ n-2 \ n-2 

^ - ^ log (6"(Mn - ^tn-i)) - iTrn E 

n— 1 n— 1 n— 1 n— 2 

- E E ^ - Ci') + E E ^ (^i - Cj) 

«=1 i'=l 1=1 i=\ 

(n-2 n-1 \ 

E ~ E ^« + 

j=l j=l / 

Explicit expressions for the nth pair of local variables are 



Mo 



_ ^n(cn) i^n,2 _ \^ det L^jUj) e^' 

Dn[Cn) Vn ^ B„(Mi) 



This process can be iterated, leading to explicit rational formulae for the inverse separating 
map S^^. The corresponding formulae in the homogeneous (q = 0) 3-particle case are 
given in the Appendix B. 

8 Periodic Toda lattice 

The periodic Toda lattice appears as a further specialization of our basic model when the 
parameters are fixed as follows: 

/3 = 7 = (5 = and Qfc = 0, = 1, . . . , 2n - 1. (8.1) 

We also put a — 1 (and re = —1), leading to the L-operator which is similar to the one 
for the DST lattice: 

r / ^ _ /w" + An,lM""' + ... + vln,n + . . . + \ 

i^n\U) — I „ I , , ^ n „n-2 I ,7-) ) • lo-^j 
V <^n,lU + . . . + L^n,n J^n,2U + . . . + JJn,n / 

Set Q2n = 1, SO that 

detL„(«) = l. (8.3) 
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Separation variables {e~^%Ui), i = 1, . . . ,n, are introduced by the same formulae as 
for the DST lattice, cf. ( |7.4| ) and ( [7.51 ). The separation representation of the quadratic 
algebra in this case reads 

Bn{u) = Vn{u-Ui){u-U2)---{U-Un^l), (8.4) 

. ^ I , (,5) 

n-1 ^Vi 



^ / N A„(m)D„(m) - 1 

M = ^-^^ • 8-7 



In the lattice representation, the L-operator (|8.2|) acquires the form 

LM = L{u) L-M ■ ■ ■ h{u) = (^jl^l ^-j^^ , (8.8) 

with the local L-operators 

i?,(«):= (^-^; "q), z = l,...,n. (8.9) 
The Hamiltonians Hi and from the tr Ln{u) = + Hiu^~^ + . . . + are 

n n 

Hi = -Y^p„ H, = Y^pip,-J2e^^'^^-'^', (qn+i^qi). (8.10) 

i=l i>j 1=1 

The (inverse) factorized separation chain = Bi o ■ ■ ■ o Bn-i o i3„ is produced by a 
recursive application of the map i3„, which is defined by the following equations: 

\^n-2 ~ _ n-1 n-2 

Vn = V„,_i = ^ — -: , Pn= l^Ui- 2_^Uj, (8.11) 

Un—l j^_i j_i 

n-2 

e"^ = -VnQ'''" X{{ui-Um), i = 1, . . . , n - 1, (8.12) 

m=l 
n-1 

e^^ = t;„e-^" n (^J - ' i = 1, . . . , n - 2. (8.13) 

m=l 

These equations define a canonical map with the generating function 

n— In— 2 I n—1 n~2 \ 

Fn(fi,gn|u) = 5]^r](«, -{ij)+l] K]ni-^«J (8.14) 

i=l J=l \i=l j=l / 

n—1 n— 2 \ n— 2 



- \ ^Ui-^uA {qn + log(Mn - ?Xn-i)) - mn^ u 



i=l j = l y jr = l 

Explicit expressions for the nth pair of local variables are 



n-1 n-1 v^n-l tt»e » 

'"--^--E5fe'P» = i:«- + fe = #V4tl^. (8.15) 



e 

i=l ' i=l 



This process can be iterated. The corresponding formulae for the 3-particle periodic Toda 
lattice are given in the Appendix C. 
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Appendix A 

Here we give explicit formulae for the inverse map S^^ for the chain of three spins when 
Si — Ci — 0, i — 1, 2, 3. Por notation, see the end of Section 5. Denote Wi — e'^'"% i — 1,2, 3, 
then 



Pi = 



-i/5 



{a5 — 







Wi 


W2 


W3 


2 








Ul 


U2 












ul 


U 


2 
2 


ul 






1 






1 




Wi 


W2 




Ul 








ul 


ul 


ul 


ul 


u\ 


ul 




u\ 


ul 


ul 



(A.1) 



P2 = 



-i(3 



{a6 — 







UiWi 


U2W2 


U3W3 


2 






Wi 


W2 


W3 








uf 


ul 


ul 




Wi 


W2 W3 




UiWi 


U2W2 


U3W3 


ul 


ul ul 




Wi 


W2 


W3 






3 _ 3 










ul 


U2 U3 




u\ 




ui 



P3 = 



i/3wiW2W3 


111 

Ul U2 U3 

ul ul ul 




{aS — (3j)k 


UiWi U2W2 U3W3 




Wi W2 W3 




u\ 


4 4 

ul ul 



. S i{a6 — l3'y)uiU2U3 



Ul U2 U3 



U 



u% 



Un 



Wi W2 W3 
Ul U2 U3 



U 



Un 



U% 



Q2 



S i(aS 



/3 





Wi 


W2 


W3 






uf 


ul 


ul 
















u\ 


u\ 


uj 




UiWi 


U2W2 


U3W3 


Wi 


W2 


W3 


u 


3 
1 


ul 


ul 



(A.2) 



(A.3) 



(A.4) 



(A.5) 
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Q3 







UiWi 


U2W2 


U3W3 






Wi 


W2 


W3 


5 


i{aS — P^) 


ul 








PW1W2W3 




1 


1 


1 










Ul 


U2 












ui 


ul 


ul 





(A.6) 



Appendix B 

Here we give explicit formulae for the inverse map 83^ for the 3-particle DST lattice when 
Cj = 0, i = 1, 2, 3 (cf. Section 7). Denote Wi — e~"% i — 1,2, then 



Pi 



P2 = 



P3 = 





Wi 


ul 


W2 


-ul 


b 


"1 




U2 


UIU2V3 




1 

Ul 


1 

U2 





V3 V3 



1 1 

Ul U2 



Wi W2 

ul ul 



Wi W2 
M? ul 



V3W1W2 



1 1 

Ul U2 



?2 = 



^^3 



b'^UiU2 



V3WIW2 



-"3 



Wi W2 
Ul U2 



1 1 

■Ul U2 

1 1 

Ml «2 



Wi W2 

ul ul 



(B.l) 



;B.2) 



(B.3) 



Appendix C 

Here we give explicit formulae for the inverse map 83^ for the 3-particle periodic Toda 
lattice (cf. Section 8). Denote Wi — e~"% i — 1,2, then 



Pi = - 


-U3V3 


- Ul 






UiWi 


U2W2 


P2 = - 




1 


1 






Wi 

1 


W2 
1 





P3 = 



Ifl W2 
Ul U2 



Wi W2 
1 1 



e«2 = V3 



e^^ = — V3W1W2 



W2 
1 1 



1 1 

Ul U2 



1 1 

til U2 



Wi W2 
1 1 



(C.l) 
(C.2) 

(C.3) 
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